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ABSTRACT: We examine the sizes and conformations of flexible dendrimers of generation numbers G =
4 to G = 9 by means of Monte Carlo simulations on a coarse-grained level. To this end, we introduce a
simple, “bead—thread” model with variable thread-to-bead size ratio 6. In addition, we compare the results
from this model to previously calculated ones, based on a soft-sphere—spring model, to test the dependence
of the results on the microscopic details. We find a clear insensitivity of the resulting conformational
properties on those, both models leading to dense-core density profiles and to increasingly compact
structures upon increase of the terminal generation. Moreover, we calculate the distribution of the end
monomers, which turns out to be broad and extending throughout the volume occupied by the dendrimer.
The dependence of the radius of gyration Ry on the monomer number N does not follow the scaling law
Ry ~ N*% that has been often put forward in the literature, but rather it obeys, for high generation numbers,

a dependence of the form Ry ~ NO°24,

I. Introduction

Dendrimers are synthetic macromolecules with a
treelike, branched structure.! Figure 1 shows the ar-
chitecture of a typical dendritic molecule. In the syn-
thesis of dendrimers, a stepwise iterative reaction is
employed: two trifunctional units bonded together form
the core or the zeroth generation of the molecule, g =
0. Thereafter, monomer chains consisting of P segments
each are attached on every functional unit. At its end,
the chain branches out to two tips, and on each one of
those a new dendron grows, the Greek word for tree that
gives dendrimers their name. The ends of the P-segment
chains form the new generation, and the procedure is
iterated until a terminal generation G. Thus, it is
convenient to denote dendrimers as Gn, where n is a
positive integer denoting the final generation number.
The length of the intermediate chains, P, is referred to
as the spacer length of the dendrimers. In principle, the
functionality f of the branching units can also be
changed, but most of the studies to date focus on the
usual case of trifunctional units, f = 3.

Research on dendrimers is a part of modern nano-
science with the aim of tailoring material properties at
the molecular level. The motivation for the current
investigations rests on the enormous flexibility in
modifying the architecture of the dendrimers, in line
with the general scheme sketched above, which leads
to the possibility of adapting dendrimers to meet various
needs in applications.? The two-dimensional rendition
of the dendrimer’s shape shown in Figure 1 suggests a
structure with internal voids and with a dense shell and
has thus led to the concept of the hollow “dendritic box”
that can be employed as carrier for smaller molecules
encapsulated in its interior.® This dense-shell or hollow-
core model of dendrimers was also put forward in the
early theoretical analysis of de Gennes and Hervet* that
was based on self-consistent-field (SCF) calculations.
Following the pioneering work of Lescanec and Muthu-
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Figure 1. Chemical structure of a dendrimer of fourth
generation (courtesy of Matthias Ballauff).

kumar,® however, it has been demonstrated in various
simulational studies during the past 10 years that the
dense-shell model does not describe the conformations
of self-avoiding, neutral dendrimers, as we discuss in
more detail below. The pitfall in the SCF calculations
of de Gennes and Hervet has been their implicit as-
sumption that the end groups of the dendrimers are
localized on their periphery. When this restriction is
relaxed, then the improved SCF calculations lead to the
opposite, dense-core picture of the dendrimers, in which
the monomer density monotonically decays with the
distance from their center and the end monomers are
distributed throughout the molecule. The pioneering
theoretical study that led to the dense-core model has
been carried out by Boris and Rubinstein.® Zook and
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Pickett’ have recently revisited the arguments of de
Gennes and Hervet and pointed out the weakness that
led to the erroneous, dense-shell prediction. The problem
lies in the assumption that there is a unique, typical
trajectory of a chain that dominates all others, equiva-
lently, a unique “ground state” of the system. However,
it turns out that there are infinitely many degenerate
trajectories for the self-consistent potential, in analogy
to the well-known case of the parabolic, planar polymer
brush.8 When the degeneracy is taken into account, one
obtains a parabolic density profile with a maximum at
the core as well as a distribution of the chain tips
throughout the dendrimer.”

Various different models for dendrimers have been
proposed in simulation studies of the same, ranging
from atomistic ones,® 12 in which detailed force fields
are employed, to coarse-grained ones,'3~22 in which the
steric and bonding interactions are modeled by means
of simple, radially symmetric pair potentials. Often the
simulations of coarse-grained models require specially
designed algorithms, such as pivot moves.1>16 Also, some
of the simulations are performed on lattice models, and
there special care has to be taken in order to employ
moving algorithms that satisfy detailed balance.323-25
It is desirable, thus, to develop an off-lattice model, so
that an artificial discretization of space can be avoided,
which at the same time is simple enough to be simulated
by standard techniques and also sufficiently realistic to
capture the salient features of the dendrimers’ behavior
at the mesoscopic length scale.

In this paper, we introduce a model for dendrimers
that is particularly well-suited for performing Monte
Carlo (MC) simulations. Because of its simplicity, it
allows for a systematic investigation of the dendrimers’
properties for a wide range of generations G. Moreover,
its implementation can be carried out by employing the
standard, Metropolis Monte Carlo algorithm: no resort-
ing to specially designed moves is necessary. In our
approach, we envision every monomer as a hard sphere
of diameter o whereas the bonding between monomers
is modeled by flexible threads of maximum extension
A = o(1 + 9). The extension of the thread can be varied
and offers one tunable parameter for the model. On the
other hand, to test the sensitivity of the conformational
properties of the dendrimers on the details of the
microscopic interactions employed, we compare the
results of the bead—thread model to those of the
standard model of Murat and Grest.'* We examine
exclusively dendrimers with spacer length P = 1, and
we adopt the notation G for the terminal generation and
g < G to denote internal generations within the den-
drimer. The main results of our work read as follows:
we find clear evidence of universality of the static
conformational properties of the dendrimers at the
mesoscopic level. When scaled with the radius of gyra-
tion, density profiles and form factors arising from
different models practically collapse on one another.
Moreover, we calculate the evolution of the scattering
form factor with generation, finding a tendency of the
molecules toward sphericity and compactness with
growing G, in accordance with recent experimental
results.?® The distribution of end monomers is also
broad, once again in agreement with recent SANS
measurements.?’ Finally, the radius of gyration Rq does
not scale with the number of monomers N as a simple
power law for the whole range of N considered.
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The rest of the paper is organized as follows. In
section 11, we discuss the models and the details of the
simulation technique. In section Ill, we present and
compare the results obtained from different models
regarding the monomer and end-monomer density
distributions for various generations. In section 1V, we
show the results for the form factors and compare them
with experimental ones, demonstrating thereby the
relevance of the proposed model for describing real
dendrimers. Finally, in section V we summarize and
conclude.

Il. The Model and Simulation Details

A commonly used model for dendrimers is to treat the
monomers (Kuhn segments) as bonded spherical beads,
whereby the interaction between monomers is described
by a pure repulsive Lennard-Jones-like potential and
the bonds by the finite-extensible-nonlinear-elastic
(FENE) potential.* This model will be denoted in the
following as “model A”. In detail, in model A the
potential Unm(r) between nonbonded monomers is given

by

¢LJ(r) - ¢LJ(rC) forr < I'C
0 forr >r,

Unm(r) = [ (1)

where ¢ 3(r) is the standard Lennard-Jones interaction

w32

The cutoff distance r¢ allows for the modeling of solvents
of varying quality. The choice r. = 2Y6¢,_; renders the
monomer—monomer interaction purely repulsive and
thus suitable for an effective description of athermal
solvents. Increasing r. adds an attractive tail to the
interaction. In this way, the value of the second virial
coefficient B, of the interaction can be tuned, and the
®© (B, = 0) and poor (B2 < 0) solvents can be incorpo-
rated into the model. Here we compare our results with
those obtained by employing?? r, = 2Y6g, ; that models
athermal solvents. Furthermore, bonded monomers are
connected via a FENE potential Ugeng, acting in addi-
tion to Upm:

Ry \? 2
—156(—0) In[l - (L) ] forr < R,
Upene(n) = oLy R 3)

0o forr > R,

(2)

where Rg = 1.50. ;5 and T = 1.2¢/kg. The combination of
the steric and FENE interactions comprises model A,
which was originally introduced by Murat and Grest.1*
This model was also recently employed by Harreis et
al.?2in an analysis of the fluctuations of G4 dendrimers,
and it was shown that it produces excellent agreement
with SANS measurements for the form factor.

The essential features of model A are a strong
repulsion between monomers and a maximum bond
length. An even simpler model featuring the same
characteristics is defined by a hard-sphere interaction
Vus(r) that plays the role of Unm(r) and ideal “threads”
with a maximum extension that connect the beads and
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whose effect is given by the interaction potential Vpong(r)
below. Explicitly, we have

o forrio <1

Vys(r) = { 4)

0 otherwise
for nonbonded monomers and

o forrio <1
Viong(H =40 forl <rlo <146 (5)
o forrlo>1+9

for bonded monomers; i.e., the hard spheres of diameter
o are connected by threads of contour length do. To
avoid the occurrence of ghost chains during the simula-

tions, ¢ has to be chosen smaller than v2 —1 = 0.414.
This bead—thread model was employed in the recent
work of Sheng et al.,? who examined the dependence
of the radius of gyration of dendrimers on the spacer
length and generation number, restricted to the case 6
= 0.4. No results for density distributions or form factors
were examined, however. In what follows, this model
will be denoted “model B”.

In Monte Carlo simulations of model B, it is not
necessary to calculate the potential energy or the
forces; one only needs to check for overlaps of particles
and whether the maximum bond length condition is
fulfilled. Therefore, Monte Carlo simulations of this
model are very fast, which is important due to the
exponential growth of the number of monomers with the
generation number. In the limit 6 = 0, model B reduces
to tangent hard spheres, a model commonly used for
simulations of polymers. Lue and Prausnitz!” have also
employed the tangent hard-spheres model to simulate
dendrimers, with the difference that there the angle
between two bonds at each branching site was fixed to
120°.

We simulated dendrimers of terminal generations G
= 4 to G = 9 having the architecture sketched in Figure
1. The dendra emanate from two central trifunctional
units glued together, and thereby the two central
monomers comprise the zeroth-order generation, g = 0.
In this architecture, the total number of monomers N(g)
up to the gth generation is given by

N(g) = (f — D[(Ff — 1)°"* — 1] (6)

where f = 3. The total degree of polymerization is
N = N(G). For G > 1, the ratio of the monomers at
the terminal generation, Neng = N(G) — N(G — 1) =
(f — 1)¢*1, obeys the relation N/Neng — 2; thus,
there are as many end monomers as in all previous
generations.?® This exponential growth of the num-
ber of monomers with G is a unique characteristic
of the dendrimers and arises from their hierarchical,
self-similar architecture. It immediately has as conse-
guence that above a certain maximum generation no
space is any more available to accommodate the self-
avoiding monomers, and dendrimers cannot be grown
any more.

To generate an initial configuration, a dendrimer of
generation G is built of a dendrimer of generation G — 1
by trying to attach the additional end groups during a
separate Monte Carlo simulation. To achieve this, for
all monomers of the generation G — 1 that do not have
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end groups yet, we generate randomly two test mono-
mers at a distance o. These two test monomers are
checked for overlap with each other and all other
existing monomers. If no overlap occurs, the test mono-
mers are accepted as end monomers, and subsequently
they are allowed to move up to a maximum distance
(1 + 6)o from their parent monomer, according to eq 6.
Otherwise, new positions for the test monomers are
generated up to 100 times. This procedure is repeated
during each MC step.

As an alternative way to produce the initial configu-
ration, we also generate one of the two arms of the
dendrimer randomly, which is subsequently duplicated
and mirrored. These two arms are then pulled together
in a separate MC simulation. To create the random arm,
we use a recursive function that creates two new
randomly oriented unit vectors to a given vector, i.e.,
the direction of the connection between the considered
monomer and its origin monomer in the generation
below. For these two new positions, overlaps are checked,
and if they are accepted, the function calls itself for
these two vectors until the requested generation number
is reached. If after 10 000 test positions no two new
vectors could be found, the recursion is aborted and
started anew at the central monomer. This second
method, though, yielded accepted configurations within
feasible time scales only up to terminal generations
G = 7; for higher G’s the required time turns out to be
prohibitively long. We have tested that the two methods
of generating the initial configuration lead to identical
conformational averages after the equilibration time,
guaranteeing that the dendrimers have relaxed, and we
are indeed sampling equilibrium configurations. We
were not able to find any acceptable initial states for
dendrimers larger than G9 employing spacer lengths 6
= 0.05 and 0.10. However, growth of a G10 dendrimer
has been achieved with spacer lengths 6 = 0.30 and
0.40. Typically, after a phase of equilibration of 107
Monte Carlo steps, 108 (for G4) to 10° (for G9) MC steps
were simulated, of which 4 x 10° to 4 x 108 configura-
tions were used to calculate the statistical averages. To
provide an additional check of the equilibration proce-
dure, we increased the equilibration time by a factor
10, especially for the G8 and G9 dendrimers, finding
no change in the resulting density profiles and sizes
beyond the level of statistical noise. Moreover, since
there is no energy to be monitored during equilibration
in our model (pure hard-sphere interactions), we
have monitored instead the growth of the radius of
gyration during the process of adding end groups to
generate dendrimer GN from an equilibrated dendrimer
G(N — 1). Throughout the process of adding the end
groups, Ry grows monotonically. After all the end groups
have been attached, Ry shows small variations well
within the equilibration time, but after no more that
50 000 MC steps it saturates to its final value and only
shows statistical noise variance around its average
thereafter.

I11. Density Distributions

In this section we present the results regarding the
density distributions from MC simulations of model B
with varying the spacer length 6 and their comparisons
with those from MC simulations of model A described
above.??

Since our dendrimers lack a central monomer, we are
led to consider the radial density distributions with
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Figure 2. Simulation snapshot of a G4 dendrimer using
model B with 6 = 0.10. The blue spheres of diameter ¢ denote
the monomers of the end groups, while all other monomers
are represented by semitransparent spheres. The bonds
between the monomers are rendered as cylinders. The spread
of the end monomers inside the dendrimer can be clearly
discerned.

respect to their centers of mass instead. The latter is
defined as

N
p(r) =0 o(r — r)0 (@)

with N being the number of monomers comprising the
dendrimer. Here, r and the coordinates of the monomers
ri = X;j — Xcm are measured with respect to the
dendrimer’s center of mass, whereby x; are the coordi-
nates in some fixed frame of reference and

1N

N 2 X (8)

Xem

The process of taking configurational averages [--[Jin
eq 8 renders the density distribution radially symmetric.
The same procedure can be applied to monomers
belonging to any chosen generation g; of particular
importance are those of the terminal generation g = G,
and their density distribution will be denoted by peng(r).

Figure 2 shows a snapshot of a typical conformation
of a G4 dendrimer, generated during the simulation
employing model B. The results for the density distribu-
tion of the same are shown in Figure 3. The local
minimum at r = 0 arises from the fact that the center
of mass is located in the neighborhood of the midpoint
between the two monomers making up the zeroth
generation, and in this region few monomers can be
found. Otherwise, we obtain typical dense-core profiles,
with a narrow minimum after the first peak that comes
about from the coordination between theg=0and g =
1 monomers. As can also be seen in Figure 2, end
monomers are distributed throughout the dendrimer.
A striking feature that emerges from the comparison
between the density profiles of model B with two
different spacer lengths (A = éo0 = 0.05¢0 and 0.100), as
well as with the density profile from model A, is their
strong insensitivity on the details of the microscopic
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Figure 3. Radial density distribution of a G4 dendrimer with
respect to the center of mass, normalized by the radius of
gyration Ry. The solid line shows the result for model A (ref
22, courtesy of Holger Harreis); the dashed and dotted lines
are the results for model B with the values 6 = 0.05 and 0.10.
The density distribution of the end monomers for model B is
shown as a dashed—dotted line.
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Figure 4. Radial density distribution of a G4 dendrimer for
different values of 6. The dendrimer becomes larger for
increasing o, but Ry also increases, so that the extension of
the density in terms of r/Ry remains constant. The peaks of

the different shells are smeared out as 0 increases because
the connections become more loose.

interactions employed. When plotted by using o or oy
as units of length, the density profiles from the different
models do differ. In particular, with increasing 6, the
density spreads out to larger distances, and at the same
time its height becomes smaller (so that its integral
remains fixed to the number of monomers N). However,
when the unit of length is rescaled to the gyration radius
Ry, defined as

1 N
Ry= N (% — Xcw)’0 9

all curves practically collapse on one another. The effect
of changing the thread’s contour length can still be
discerned in the slightly weaker correlations present for
larger 9, but it is rather small (see also Figure 4).
The procedure of using the radius of gyration as the
length scale is not only the natural one for the coarse-
grained description of the dendrimers, but it provides
contact with experiments as well. Indeed, the micro-
scopic parameter o has no direct physical meaning,
apart from the obvious requirement that it must be of
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Figure 5. Same as Figure 3 but for a G5 dendrimer. The
results for the LI-FENE potential (solid line) are courtesy of
Holger Harreis.
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Figure 6. End-monomer density distributions for G6—G9

dendrimers, as obtained by the MC-simulation of model B with

0 = 0.10.

the order of the length of a Kuhn segment. In adopting
a certain model to describe experimental data, the
radius of gyration Ry which is measurable in small-angle
scattering experiments provides the missing link be-
tween theory and experiment and allows for the assign-
ment of a certain value to the parameter o (see also ref
22). What we find here (and will be further confirmed
in what follows) is that a broad one-parameter family
of models, generated by varying the absolute value of a
single microscopic scale, lead to practically identical
results for the description of the dendrimers at the
nanoscale.

This universality picture is further confirmed by the
results for the G5 dendrimers, shown in Figure 5.
Comparing with the density profile of the G4 dendrim-
ers, three features show up: First, the correlation effects
manifested in the peaks and troughs of the density
profile become more pronounced. Second, a plateau of
roughly constant density starts developing in the region
0.5 = r/Rgq = 1.0, but it should be emphasized that the
height of this plateau is not constant but growing with
G. Finally, the end-monomer distribution leaks more
toward the central region of the molecule. We will return
to the first two points shortly.

At this stage, it is interesting to monitor the develop-
ment of the end-monomer distribution as a function of
G for high generation numbers, G6 to G9. The result is
shown in Figure 6. The outermost part of the dendrimer
is populated by end monomers, but the converse is not
true. With increasing G, the end monomers tend to
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distribute themselves within the molecule. There is a
depression following the maximum at the edge of the
molecule, caused by the fact that there the density
profile of the G — 1 generation monomers displays its
own local maximum. Some substructure is visible for G
= 8 and G = 9 dendrimers. Strong back-folding of the
dendra is taking place, a necessary mechanism for
accommodating the increasingly large number of mono-
mers, in agreement with findings in previous on- and
off-lattice simulation studies involving a variety of
model interparticle forces.>12-20 Preceding studies were
limited to generation numbers G < 7, however. In this
work, we demonstrate that the backfolding mechanism
is also present for higher-generation dendrimers, but
it can only be efficient if substantial stretching of the
inner generations takes place. To visualize the very high
degree of back-folding, we show in Figure 7 a simulation
snapshot from a G6 dendrimer in which one selected,
back-folded branch has been explicitly marked and in
Figure 8 a snapshot of a G9 dendrimer and a view of
the same configuration cut through the middle of the
molecule.

By comparing Figures 2, 7, and 8, we first note that
an increase in the terminal generation has the effect of
turning the dendrimer more compact and its boundary
sharper. Indeed, the loose outermost “blobs” that are
visible for the G4 and G6 dendrimers have disappeared
in the case of the G9 molecule. The distribution of end
monomers in the whole of the molecule is evident. In
the case of the G9 dendrimer, a very interesting feature
emerges, namely the following: since the number of
terminal monomers to be accommodated is becoming
exceedingly high, the corresponding voids have to be
created at some other place in the molecule, in particu-
lar in its interior. Thereby, the chains building the lower
generations (up to g = 4) stretch and open up. The end
monomers are now folding back into precisely the voids
created by this stretching, as can be seen also by
comparing the terminal generation and total density
profiles in Figures 6 and 9. There is strong localization
of the low-generation monomers, and the dendritic
structure up to g = 4 becomes clearly visible. This
should be compared with the snapshot of a dendrimer
of terminal generation 4 in Figure 2. If the bonds were
omitted there, it would be hard to say that the spheres
belong to a dendrimer, whereas in Figure 8 the dendritic
architecture of the lowest generations is immediately
recognizable and has a clear similarity with the “flat-
tened out”, rigid chemical structure shown in Figure 1.

These features can be quantified by looking now at
the total density profiles of the dendrimers, shown in
Figure 9. With increasing G, strong peaks develop for
the first few generation, indicating the strong localiza-
tion of the monomers belonging to those and the
stretching of the inner parts of the arms. This finding
is in agreement with the recent theoretical results of
Timoshenko et al.,?® who considered a model of beads
connected by harmonic springs. They found that the
innermost springs connecting monomers are the most
extended, with the degree of stretching decreasing as
one moves along the terminal bead along a dendrimer’s
branch. In comparing the locations of the weak local
maxima of the end-monomer distribution for G9, shown
in Figure 6 with the total density profile in Figure 9,
we see that the end monomers that fold back into the
inner part of the molecule are to be found in the void
regions created by the strongly stretched first few
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Figure 7. Simulation snapshot of a G6 dendrimer obtained by employing model B with 6 = 0.10. The left panel shows all monomers
rendered as spheres of diameter o. A single, back-folded branch has been selected and colored red, whereas all other monomers
are rendered as glass spheres. The shadowing assists in demonstrating the back-folding of the branch within the body of the
dendrimer. Right panel: here only the monomers of the back-folded branch are shown as spheres, and they are color-coded as
follows: the end monomer is colored yellow, and it is situated within the dendrimer. Starting from this, a path leads to one of the
two innermost monomers, colored red. Increasing intensity of red denotes approaching of the aforementioned central monomer.
All other monomers are omitted for clarity, but the bonds are rendered as cylinders.

g=4
g=35
g=0
g=7
g=8
g=9

Figure 8. Simulation snapshot of a G9 dendrimer obtained by employing model B with 6 = 0.10. The left panel shows all monomers
rendered as spheres of diameter ¢, with those belonging to the end generation colored blue and all other rendered as semitransparent
spheres of diameter o. The outer surface is covered exclusively by g = 9 monomers, but there are also many end monomers within
the dendrimer that are somewhat obscured by the high concentration of semitransparent spheres. Right panel: a cut through
the middle of the configuration on the left, showing the coordination of the monomers belonging to various generations within the
dendrimer. The generations are color-coded as indicated in the color bar on the right.

as G increases, where no monomers are ever found. For
lower values of G, the fluctuations of the molecule can
displace the center of mass considerably and bring it
occasionally in coincidence with the position of one of
1 the central monomers, giving rise to the nonzero value
of p(r = 0). We draw the conclusion that dendrimers
with G = 6 possess a rigid, nonfluctuating core consist-
ing of the stretched first few generations and in those
7 all (weak) fluctuations take place at the outermost part
of the molecule.

4 Another question that has caused quite some contro-
versy in the literature is that of the scaling of the
gyration radius Ry with the number of monomers N.
10 Lescanec and Muthukumar® found in their pioneering
/o simulation work Ry ~ N022+002" byt some doubts re-
garding the equilibrated character of their configura-
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Figure 9. Density profiles for G6—G9 dendrimers obtained

from model B with 6 = 0.10. Here, the bead diameter ¢ is used
as the unit of length.

generations. These form a rigid structure, witnessed by
the strong coordination peaks of the total density
profiles in Figure 9. Additionally, we remark that the
density profiles at r = 0 decrease to zero value upon
increasing G. This implies that the center of mass
becomes more and more sharply localized at the mid-
point between the two beads of the zeroth generation

tions remained.'* Murat and Grest,'* on the other hand,
report a scaling relation of the form Ry ~ N3, indicating
that dendrimers are compact structures with a constant
average density within their volume. Since then, there
have been various claims both in favor of the ~N3
law10122024 and in favor of a ~NY> dependence.16:21
Sheng et al.,?* who employed the same model as we do
for the special case 6 = 0.40, offered an explanation for
these discrepancies. They found that when Ry is con-
sidered as a function of N for fixed spacer length P (the
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Figure 10. Double-logarithmic plot of the radius of gyration
Ry against the number of monomers N of the dendrimers. The
change in N is caused by an increase of G, and the results
shown are for G =4, 5, 6, 7, 8, and 9. It can be seen that the
results for large N can be fitted by a power law Ry ~ N* with
x = 0.24 and not by Rq ~ N3, The error bars on the data are
of the order of 10~30.

monomer number N changing through a change of the
final generation G), then a scaling Ry ~ N2 obtains. If
one now keeps the generation number G fixed and
varies N through a change of the spacer length, a
different scaling, Rq ~ N3®, identical to the behavior of
linear polymers obtains. But if one wants to describe
all dependencies of Ry in a single scaling law, then the
correct dependence is indeed Ry ~ (PG)?°N, as con-
jectured by Chen and Cui.'® In all preceding studies,
typical generations range from G3 to G7, and monomer
numbers lie in the domain 10 < N < 1000.

We have also examined the N dependence of Ry in
our study, in which however we have a fixed spacer
number P = 1 and thus we can vary N only through a
variation of the generation number G. The results are
shown in Figure 10. It is clear that a single power-law
of the type Ry ~ N3 does not describe the Ry depen-
dence in the whole range of N considered. Even at small
generation dendrimers, G4 to G7, there are slight
deviations from this law, which become strong for the
higher generations, G7 to G9. For the latter case, a
dependence of the form Ry ~ N%2* appears to hold.
Taking into account the finding of Sheng et al.?! that
the correct scaling has the form Ry ~ (PG)?>NY®> and
that in our model P =1 and G ~ In N, we see that rather
a dependence of the type Ry ~ (In N)*4N°2 obtains. In
the N domain corresponding to G7—G9 dendrimers, this
dependence strongly resembles a ~N°24 law. Thus, our
finding should not be interpreted as a universal law but
rather as a local fit of the results in the region 400 < N
< 2000. Our results are in agreement with the original
prediction of an exponent x = 0.22 £ 0.02 of Lescanec
and Muthukumar® within error bars and close to the
exponent /s of Chen and Cuil® and Sheng et al.?!
Giupponi and Buzza?* also reported deviations from the
1/3 exponent in their lattice model; however, these were
much weaker than the ones we find here. The explana-
tion for the deviation from the “compact sphere” expo-
nent /3 can be found in Figure 9, showing the density
profiles of the dendrimers. It can be seen that there
exists a large plateau in the monomer profiles, in which
the density is roughly constant. Were this constant
value to be also independent from G, this would lead to
the conclusion of a Rg ~ N3 dependence. We notice,
however, that by increasing G the height of the plateau
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itself increases. Thus, if we envision the dendrimers as
homogeneous spheres to a first approximation, we see
that the density of these spheres grows with G, and thus
the N(G) monomers are packed more and more densely.
This causes the exponent to be significantly smaller
than /3 and having the apparent value 0.24. It should
also be noted that the deviation from the Rg ~ N3
dependence is connected with the stretching of the
innermost generations for the G7, G8, and G9 dendrim-
ers, in conjunction with the short-spacer condition, P =
1, employed in our study. The innermost generations
for these dendrimers cannot be described as flexible
chains anymore, and hence a universal scaling law
cannot be valid.

The existence of the density plateau is in agreement
with the result of Murat and Grest,** but our findings
are at odds with their claim that the value of the density
at this plateau is independent of the generation number.
On the other hand, our simulation is in agreement with
two recent scattering studies. A clear deviation from the
N3 law for dendrimers with 4 < G < 8 has been seen
in the SAXS experiments of Rathgeber et al.?6 An
analysis of the results reported there on the basis of a
Guinier fit of the scattering intensities (Table 1 and
Figure 6 of ref 26) yields the law Ry ~ N%24, in precise
agreement with our results. The authors of ref 26 also
argued on the grounds for this slower increase of Ry
along the same lines as we do.3° Moreover, Mallamace
et al.®! report for high-generation dendrimers a scaling
exponent Ry ~ N°2 from a Guinier fit of SAXS mea-
surements, again close the value 0.24 we obtained in
our simulations but very different from the oft-proposed
value 0.33.

IV. Form Factors

The form factor F(q) depending on the wavenumber
g is a very useful quantity as it contains information
on the size and shape of the molecules on one hand and
it provides a direct link with experiments on the other.
Indeed, when scattering (light, X-rays, or neutrons) from
dilute suspensions, the coherent scattering intensity
Is(q) at scattering wavevector q is proportional to the
form factor F(q).3233 The latter is defined as34-36

1 N N )
Fl@=1+ N DZ > exp[—ioe(r; = )]0 (10)

=

with the instantaneous positions r;; of the ith and jth
monomer, the scattering wavevector g and the average
over all conformations, [:-[] The behavior of F(q) at
small values of the wavenumber determines the gyra-
tion radius, since it holds®®

2
F(q) = N[l - (qig) ] (GR, < 1) (11)

Very good agreement between the experimentally de-
termined form factor for G4 dendrimers, and the one
obtained from simulations of model A has been found
in ref 22. The corresponding result for model B is shown
in Figure 11. The simulation data (full line) are within
the error bars of the experimental data obtained by
SANS.3233

Further, as can be seen in Figure 12, the form factor
is nearly independent from microscopic details like the
thread contour length 6 or even the model type itself
(A, B), when q is scaled with the radius of gyration Rg.
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Figure 11. Total scattering intensity Is(q) from a dilute
solution of G4 dendrimers. The circles are SANS data from
ref 33. The solid line is obtained from the simulation form
factor of model B with 6 = 0.10. The simulation yields F(q) as
a function of qo. The value of ¢ is determined so as to obtain
the experimentally measured radius of gyration, Ry = 1.489
nm in this case, and the horizontal axis is appropriately
rescaled. The vertical axis can be rescaled freely, since it
involves the contrast factor between monomers and solvent
which is an arbitrary parameter in a coarse-grained simula-
tion.
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Figure 12. Form factors of G4 dendrimers (solid line: model
A, ref 22; dashed lines: model B with d/c = 0.05, 0.10, 0.20,
0.30, 0.40). For clarity, the curves have been shifted upward
in amounts of 10 (from bottom to top); otherwise, they all
collapse and they become indistinguishable.

This feature is similar to the one already discussed
regarding the density profiles, but it is even stronger
for the form factor because the various F(q) curves
indeed collapse on one another. Therefore, the form
factor alone, and its comparison to scattering data, is
not sufficient to decide which model is most suitable to
describe the given dendrimers.

Finally, in Figure 13 we show the form factors of G4—
G9 dendrimers on a double-logarithmic scale. With
increasing generation number, an oscillatory structure
in the domain qRg 2 3 shows up, signaling the fact that
the dendrimers develop sharper boundaries. The oscil-
lations first appear for generation numbers exceeding
G =5, in agreement with other simulation studies.2%-2437
The form factor for G = 9 has an envelope that scales
as ~q4 at high values of the wavenumber, which
represents Porod’s law for scattering from a compact
sphere.3! The shapes of the curves, their evolution with
G, and the locations of the minima are additionally in
very good agreement with experimental scattering
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Figure 13. Double-logarithmic plot of the form factors for
dendrimers G4—G9 obtained by the simulation of model B
with 6 = 0.10. The straight solid line represents Porod’s law,
F(@) ~a™

curves from dendrimers of varying generation num-
bers.26:31.38.39 This amply demonstrates the ability of the
present model to describe real dendrimers.

V. Summary and Concluding Remarks

We have introduced a “minimal” model to describe
dendrimers of various generations. Our approach takes
into account the connectivity and steric interactions of
self-avoiding dendrimers in the very simple way, by
viewing the monomers as hard spheres connected by
ideal threads that have a maximum possible extension.
We focused on dendrimers with spacer length P =1 and
on athermal solvents in this study, but the generaliza-
tion to arbitrary P’s and to solvents of varying quality
is straightforward. One can introduce a tunable effective
attraction of varying shape, depth, and range in order
to model solvents of decreasing quality. We have shown
that the dendrimers are a distinct class of polymeric
colloids, possessing a density profile that features a
broad plateau of constant density. This makes them
clearly distinct from other branched polymeric entities,
such as star polymers for which a density profile p(r) ~
r—*3 holds,*° or star-branched polyelectrolytes, in which
case a dependence of the form p(r) ~ r—2 obtains.**2 In
addition, the height of this plateau was found to be
generation-dependent, a feature that causes the size of
the dendrimers to grow with the number of monomers
slower than the inverse-third power of the latter, as has
been observed experimentally. The form factors obtained
are also in very good agreement with experiments.

An important property of the models we considered
is a strong insensitivity of the results on the details of
the microscopic model. This holds both for the bead—
thread model, in which the contour length was varied
by a factor 8 (from 0.05 to 0.40), and for the Lennard-
Jones—FENE potential. When lengths are scaled with
the radius of gyration of the molecule, results practically
collapse on master curves. This has the implication that
one cannot determine on the basis of comparisons with
scattering data from dilute solutions alone which model
is the most realistic for the system at hand. On the other
hand, a quantity that most certainly does depend on the
model details is the effective interaction (potential of
mean force) between two dendrimers. Preliminary cal-
culations indicate*® that the shorter the contour length,
the more repulsive the resulting effective interaction.
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Since the latter determines the scattering curves from
concentrated solutions, through the structure factor S(q)
of the system, we argue that accurate experiments at
finite concentrations are of particular importance. The
simplicity of the microscopic model put forward in this
work renders the calculation of the effective interaction
straightforward in a Monte Carlo simulation, and our
preliminary results indicate that the model is capable
of explaining scattering profiles from concentrated den-
drimer solutions. The presentation of these findings will
be the subject of a future publication.
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